J. Fluid Mech. (1966), vol. 24, part 3, pp. 609-619 609
Printed in Great Britain

Stability of plane Couette—Poiseuille flow
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The stability of a two-dimensional Couette-Poiseuille flow is investigated.
The primary unidirectional flow is between two infinite parallel plates, one of
which moves relative to the other. The results for the case of Poiseuille flow
agree with Lin’s results and all flows for which the plate velocity exceeds 70 %,
of the maximum velocity of the Poiseuille component of flow are found to be
stable for all finite Reynolds numbers. Results of intermediate cases are also
obtained.

1. Introduction

The stability of plane Couette flow and plane Poiseuille flow has been the
subject of many investigations in recent years. The question of whether plane
Couette flow is or is not stable to all infinitesimal disturbances and for all
Reynolds numbers, however large, is still not definitely settled. Recently,
Deardorff (1963) has shown by a numerical computation that this flow is stable
for Reynolds numbers less than 5720 (based on channel width and boundary
speed) and probably stable for all Reynolds numbers. As to plane Poiseuille
flow, Lin (1945) has verified Heisenberg’s (1924) earlier conclusion that plane
Poiseuille flow is unstable, and has determined the critical Reynolds number to
be 10,600 (based on channel width and maximum velocity). His results have
now been generally accepted. But the stability of combined plane Couette and
Poiseuille flows has not been investigated so far, and this investigation is to
furnish the missing information.

It can be expected that a combination of plane Couette and Poiseuille flow
will yield instability only at large Reynolds numbers although one does not
know a priori that a superposition of Couette flow on Poiseuille flow will cause
the flow to be more or less stable. If instability at large Reynolds number is
assumed, asymptotic solutions of the governing Orr-Sommerfeld equation in-
volving this parameter are appropriate. These asymptotic solutions have singu-
larities at critical points where the wave velocity of the disturbance is equal
to the velocity of the primary flow. These singularities, not inherent in the
governing equation but introduced entirely by the method of solution, present
difficulties which must be attended to with great care.

This study, which was also proposed (but unsolved) by Lin in 1945, is a varia-
tion of the problem discussed in this paper. The difference between this study and
previous works is that in this investigation both relative motion and a pressure
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gradient are allowed. Difficulty arises in the numerical solution of the secular
equation because there may be two critical points when the entire velocity
profile is used, requiring asymptotic expansions about each point. Lin avoided
this difficulty by utilizing the symmetry of the primary velocity profile which
he treated.

2. Governing differential system
For steady two-dimensional flow of an incompressible, viscous fluid flowing
between two parallel plates (see figure 1) the governing Navier—Stokes equation
can be integrated to yield the velocity distribution of the primary flow
W(Y) = 2W (V2= Yd)+ (U,)d) Y,

which in non-dimensional form is

Uly) = —4(y* - Ay), (1)
where U=ul/W, y=Y/d, A= (U,/4W)+1,
Y
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FicurE 1. Primary velocity distribution.

with W denoting the maximum velocity of the Poiseuille component of the flow,
d the distance between plates, and U, the speed of the upper plate. If 4 equals
unity, Poiseuille flow results and as 4 approaches infinity the flow tends toward
Couette flow.

Let the stream function for the small disturbance be

¥ = gly) el
and after the Navier—Stokes equations are linearized and the pressure eliminated
by cross-differentiation the Orr-Sommerfeld equation

(U—=0)($"—a?@)—U"¢ = — (i/aR) (§'7 — 202¢" + ') (2)
results, where o is the non-dimensional wave number, B = Wd/v is the Rey-
nolds number, v is the kinematic viscosity, and ¢ = ¢, + ic; is the complex wave-
speed.

The boundary conditions are
$(0) = ¢'(0) = (1) = ¢'(1) = 0.
The eigen-value problem thus formed requires that
c(a,R) =0
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if no growth or decay of the disturbance is allowed. The minimum Reynolds
number from the neutral-stability curve representing the above relationship
is the critical Reynolds number sought after in this study.

3. Asymptotic solutions

There exist four independent solutions of equation (2) which will be denoted
by $.(y), ¢sy), D3y), P4(y). Heisenberg (1924) has given two asymptotic
methods each of Whlch yields two particular solutions of equation (2). The
first of these methods is to expand ¢(y) in powers of (aR)™1, namely

$(y) = $9y) + (@R)™ gD (y) + (xR)* ¢P(y) +

and substitute into equation (2). The term of zero order in (xR)! yields the in-
viscid equation

(U =) (90" —a2g®) - U"g0 = 0. (3)
Heisenberg obtained two solutions as convergent series of a2 in the forms
¢P(y) = (U —c) [holy) + a®ha(y) + ]} )
o8 (?/) ( —0) [ky(y) + aPhs(y) + -1,
where ho(y) = \
Y
k() = f C(U oy,
Powial®) = [ (U =0)2dy [ (U =0t )
Yy Y
bonsalt) = [ O =cy2dy [ (O =P bonsatw) .
0 0 J

These integrals are complex. The imaginary part is obtained by integrating
around the critical point where U = ¢. Heisenberg obtained two other solutions

in the form #(y) = fy)exp[ + J(@R) g(y)].

Expanding f(y) in powers of («R)~* and substituting into equation (2) yields,
to a first order approximation,

Bo(w) = (U ) exp[— f JGaR(U -0}y, (6)

$i) = (V=0 Fexp| [ yfiaR(U o) ay|. ()

These solutions are not valid in the neighbourhood of the critical points where
U = c. Thus if a boundary occurs close to a critical point (6) and (7) should not
be used to evaluate ¢ and ¢, at that boundary. Solutions must be found which
are valid near the critical points and which approach the solutions (6) and (7)
away from the critical points.

For a parabolic distribution there are, at most, two critical points. Following
the procedure of Lin, expand ¢(y) in powers of («R)~¥ and make a change of

scale such that B(L) = ¥OL) + (@R)F ¥O(E) + .. (8)
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where, near the first singular point

{=(y—-y.) (UsaR), (9)
and near the second singular point
£=(y—y.) (— UsaR)>. (10)
Substituting into equation (2) yields
d4X(0) d2y®

agr 2% =0
since X7 > 4O
and near the critical points U—c = Uyy-y,).

The negative sign is used near the first singular point and the positive sign near
the second. This method yields four solutions near each singular point. It ecan
be shown that the solutions near the first singular point

%= af enpueona a2)
w=[" af’ enpuiona 13)
and near the second singular point
o~ ["a[ ~ormp-iona (14)
o-[" af’ ompr-wn (15)

approach the solutions ¢, and ¢,, given in equations (6) and (7), as one moves
away from the singular point.

If instability occurs at a wave-number larger than 0-8 the terms in equations
(4) may not decrease rapidly enough for a simple solution. With a parabolic
velocity it may be easier to solve (3) by the Frobenius method. By using this
method the two solutions found in a region containing the first singular point
are

$1 = Z (Y = Ye)", (16)

$1= deIn(y—y.) + Z b(y —ye)™ (17)

where —7 < arg(y—y,) < 0. The a,s and b,s are given by
a; =1, ay=-1/B, a,=}a?
a, = (1/n(n—1) B) [n(n—3)a,_, +a*Ba,_,—ala,_,],
bo=—1%4B, b =1, by=(1/B)—}a?B,
n—3)b, _,+ Ba?b, ,—a%, ,
+(2n—3)a, ,— B(2n—1)a,],
where B = (42 —¢).

1
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In aregion containing the second singular point the solutions are

o0

Vi= Z ey (18)
Vo= T 4y~ +alin (g -y~ i), (19)

where 0 < arg (y —y,) < 7. The ¢,;s and d,s are given by
=1, ¢ =1/B, ¢3=%a?
¢y = [~ 1/n(n—3)c, 4 +a2Be, +%, ;)n(n—1)B,
dy= 1B, dy=1, dy=—(1/B)+}e?B,
d,=[-nn—-3)d, ;+o?Bd, ,+o*d,
—(2n—-3)c,_;—B2rn—1)c,}/n(n—1)B.
¢, is only valid up to the second critical point and hence, for the case when two

critical points exist between the boundaries, the solutions must be matched in a
region of common validity. In this region

¢1 = A1¢1+B1¢2’ (20)
Po = AyYry + B, (21)

From the form of the governing equation it is sufficient to match the function
and its first derivative only at one point. Denoting this point by the subscript ‘0’

P10 = A1 Y10+ B1¥a,
P10 = A1 Y10+ B1¥30
Pao = As¥rio+ Batao,
$o0 = A Y10+ B2 Ve,

from which 4,, B;, A,, and B, are calculated.

Now four solutions have been found near each critical point. Near the first
they are given by equations (12), (13), (16), and (17), or by (12), (13), and (4).
Near the second critical point they are given by (14), (15), (20), and (21), or
by (14), (15), and (4). Away from the critical point (|¢| > 6) solution for ¢; and
¢, given by (6) and (7) should be used.

4. The secular eqation

Denoting the lower boundary by the superscript ‘1’ and the upper boundary
with the subscript ‘2’ the boundary conditions demand that the secular

equation bu fu Pu Pu
S Sn b B
¢12 ¢22 ¢32 ¢42 !
Bis Br Br B

It
®

(22)
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be satisfied. From an order-of-magnitude analysis this equation can be simplified
to

fi b Buki(bn £ _
Fo b ity (¢ f4) 0 (23)
where 1= D11000— D1 P1as

fo = ¢11¢22— P D1,
fs = $11P02— o1 P,
Jo= 11052~ P21 P1a
The expressions in equation (23) vary depending on the location of the critical

points with respect to the boundaries and may change as « becomes small.
Each possibility will now be studied.

(i) Critical points near the boundaries, a not small
(see figure 2)
Since two critical points are in the region of interest, at the lower boundary ¢,,
¢4, P3, and ¢, are given by equations (12), (13), (16), and (17) and at the upper
boundary by (14), (15), (20), and (21). No simplifications can be made.
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T777777 7 7y7777777 77777777 /77

Figure 2. Two critical points in the region of interest.
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FicurE 3. One critical point in the region of interest.

(ii) A4 single critical point near the lower boundary, o not small
(figure 3)
Here only one critical point is in the region of interest. Thus ¢;, ¢,, ¢5 and ¢,
are given by equations (12), (13), (16), and (17) at the lower boundary and (14),
(15), (16), and {17) at the upper boundary. Again no simplifications can be made.
It should be pointed out that this case requires approximately 15 terms in the
series solutions for ¢, and ¢,.

(iii) Critical points near the boundaries, small «
For this possibility expressions for ¢4 and ¢, would be the same as those used in
cases 1 and 2; but the expressions obtained for ¢, and ¢, by Heisenberg, equa-
tions (4), could now be used. This would be necessary if the primary velocity
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distribution were not parabolic, since the method of Frobenius cannot be used
for a non-parabolic distribution. From equation (4) it can be seen that

Ji=—Pa,
f2 = —6(16;2’
fa= Uidss+ lcgy,,

Jo= Ui+ 1/cd1s

where P12 = (Up— ) [hy(1) + a®hy(1)],

Bop = (U — ) [ky(1) + a?he5(1)],

P1o = (U2 ¢) [a2hy(1) + athy(1)] + (Up— €)' Uz ys,

P2z = (Up—c) [0®ka(1) ]+ (U — €)1 Us Poy.
The series in the expressions for ¢, and ¢, converge quite rapidly since the 4’s,
k’s and their derivatives decrease with increasing number of integrations. Only
three integrations can be performed without the use of extensive numerical
integrations by a computer. Hence the range of application of this method is
limited.
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F1GURE 4. One critical point in the region of interest.

(iv) Second critical point far from the boundary
{see figure 4)

If the second critical point is far from the boundary then Heisenberg’s solutions
for ¢, and ¢, must be used near the top boundary. From equation (7) it is easily
verified that  ¢,,/is = (Uy—o)[exp (i) J{aR(U,— )}~ 3U}). (24)
If [aR(U, —¢)®} > 1, this can be simplified to

Paa/Paz = exp[ — timl | J{aR(U, —c)}.
If the first critical point is too far from the lower boundary Heisenberg’s solutions
would have to be used there. This is not expected in this study.
With the appropriate solutions, equation (23) must now be solved. Setting
¢; equal to zero yields two non-linear algebraic equations (the real and imaginary

parts) fic,, o, R) = 0,
g(C,., a, R) = 0,}

in which ¢,, @, and R are the unknowns. For a given ¢, it is then possible to
solve these equations simultaneously for o and R using a trial and error method.
Newton’s method (or similar methods) does not give solutions which converge
to the roots of the equations because of the large gradients involved. An initial
guess at the solutions must be very close, too close to make these methods worth-

(25)
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while. The method used here was to fix « and plot the two functions on the left-
hand side of (25) against R, then vary « by a small amount and again plot the
two functions of R. When the two functions have the same zero the desired
solution results. The calculations were done on the IBM 7090 computer at the
University of Michigan.

5. Results and conclusions

The results show that the superposing of a Couette flow on a Poiseuille flow
has a definite stabilizing effect, the effect being so pronounced that a speed of the
boundary equal to 10 %, of the maximum Poiseuille velocity increases the critical
Reynolds number from 10,800 to 25,000 or an increase of 236 9,. On the other

T T T T T T T T T T T T T T ]
22+ _
U,=0
2.0 - -
18l U,=005W N
3 16| U,=01W R
=
& 4 ~ U, = 015W .
E Lk NS U,-02W 3
§ 1o b & U,=03W |
@ \ U,=04W
7 o8 .
i \ U,=05W
06 |- U,-06W ]
‘ U, = 064117 2
4 U,=0-66lV B
o4 IS 2 U, = 0-68W
02 —_—— —
L 1 1 1 ] l { 1 ! L 1 1 1 I
0 20 40 60 80 100 120 140

Reynolds number, B x 103

F1cUrE 5a. Neutral stability curves for various boundary speeds.

hand, it can also be seen (see figure 5) that as the Poiseuille component of flow
is increased for the same Couette component, the flow becomes more and more
unstable except for 0-2W < U, < 0-4W, and thus it can be concluded that a
superposition of a Poiseuille flow on a Couette flow is, in general, destabilizing.

From figure 6 it can be seen that as u, approaches 0-7W the critical Reynolds
number approaches infinity and the critical wave number approaches zero.
Hence it can be concluded from this study that all flows for which U, > 0-7TW
are stable to infinitesimal disturbances for all Reynolds numbers. Critical
Reynolds numbers for which U, < 0-7W can be found with the analysis given in
this paper and are plotted in figure 6. The results give further support to the
claim that pure Couette flow is always stable.

Figure 6 also shows a small range, 0-4W > U, > 0-2W, for which the flow be-
comes more unstable with increased Couette flow. It is perhaps significant
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that this effect occurs when U, is approximately equal to the wave speed and that
the point where U, = ¢ appears to be the inflexion point.

Increased Couette component of the flow has a destabilizing effect on waves
with relatively small wave-numbers and a stabilizing effect on waves with rela-
tively large wave-numbers. In all cases an increased Couette component de-
creases the critical wave-number. This effect is shown in figure 5.

032 - Q

U, = 0:68W
036 -

i 1
110 120 140
R x 1073
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Uy, = 0-64W
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¢ (complex wave speed)
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016 L L . !
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Reynolds number R x 10-2

FiaurEe 5b. Variation of complex wave speed with Reynolds number
for various boundary speeds.

The curves for U, = 0 in figure 5 represent Poiseuille flow and agree very well
with the results obtained by C.C.Lin. In this connexion one should remember
that Lin used one-half of the channel width as a non-dimensionalizing parameter
and hence the wave-numbers and Reynolds numbers in this study are double
those obtained by Lin. There is slight disagreement for a > 1-6 since Lin used
series solutions in powers of a*for ¢, and ¢, which do not converge rapidly enough.
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Values of ¢, « and R for values of U, from 0 to 0-2W were found by using equa-
tions (16), (17), and (12) at the lower boundary and (20), (21), and (15) at the
upper boundary as in case (i) in §4; and for values of U, from 0-3 to 0-6 W by using
equations (16), (17), and (12) at the lower boundary and (16), (17), and (15)

Critical wave-number, o,

0 04 0-8 12 16 2:0 24 2-8 32
T 1 1 1 T T T T T T T T T T 1
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= 05
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1}
0 100

1 | 1 | 1 I 1 1 | | 1 1

1 I
200 300 400 500 600 700 800
Critical Reynolds number, R, x 10—

Ficure 6. U,/W ws. critical Reynolds number and critical wave-number.

[ a R
0-310 0-180 174,000
0-315 0-197 147,000
0-317 0-196 143,000
0-318 0-194 141,000
0-319 0-190 142,000
0-320 0-184 143,000
0-321 0-177 147,000
0:322 0-166 153,000

TasBre 1. Neutral stability for U, = 0-685W

at the upper boundary as in case (ii) in §4. Case (iv), in which Heisenberg’s
solution for ¢, is used at the upper boundary, is illustrated in figure 5 for

U, = 0-6W, 0-66W and 0-68W
and in tables 1-3.
Tables giving the values of ¢, « and R for the neutral stability curves in
figure 5 are available on request from the Editor of the Journal.
Asymptotic behaviour (for very large ) of the neutral stability curves hasnot
been studied in this report since the stability of the flow is of primary interest.
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The results of this study were checked by finding the neutral stability curves
for negative U,. This can be thought of as simply reversing the directions of y

¢ @ R
0-310 0-119 266,000
0-313 0-139 216,000
0-315 0-147 198,000
0-317 0-148 190,000
0-318 0-146 189,000
0-319 0-143 190,000
0-320 0-137 194,000
0-321 0-128 203,000
0-322 0-117 220,000

TaBLE 2. Neutral stability for U, = 0-69W

c a R
0-315 0-066 443,000
0-317 0-0732 387,000
0-3175 0-0730 385,000
0-318 0-072 386,000
0-319 0-068 405,000
0-320 0-059 459,000

TasBLE 3. Neutral stability for U, = 0-695W

and superposing a uniform flow, which should not affect the neutral stability
curve. This was indeed found to be the case, that is, identical stability curves
were found for + U,.

The author is truly indebted to Professor C. S. Yih of the University of Michi-
gan, where this work was done as a Ph.D. dissertation, for his encouragement
and timely suggestions during the course of this work and for his critical review
of the manuscript. Use of the computer granted by the Computing Center of
the University of Michigan is also acknowledged.

REFERENCES
Dearporr, J. W. 1963 On the stability of viscous plane Couette flow. J. Fluid Mech.
15, 623.

HEISENBERG, W. 1924 Uber Stabilitét und Turbulenz von Flussigkeitsstrémen. Ann.
Phys. Lpz. 74, 577.

Lix, C. C. 1945 On the stability of two-dimensional parallel flows. Quart. Appl. Math. 3,
117-142; 218-234; 277-301.



